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I. I NTRODUCTION
Over the last years, numerous equalization schemes for
multiple-input/multiple-output (MIMO) channels have been
studied in literature. In particular, techniques known from
intersymbol-interference channels have been transferred to the
MIMO setting, such as linear equalization, decision-feedback
equalization (DFE, also known as successive interference
cancellation, SIC, and the main ingredient of the BLAST approach), and maximum-likelihood detection, cf. [3, Table E.1].
Besides them, new approaches based on lattice basis reduction, e.g., [16], [11], are of special interest. Using these latticereduction-aided (LRA) techniques, low-complexity equalization achieving the optimum diversity behavior [9] is enabled.
In this contribution, the connection of the Gram–Schmidt
procedure—well-known from linear algebra for calculating an
orthogonal/orthonormal basis for a vector space—to decisionfeedback equalization and to lattice reduction and latticereduction-aided equalization, respectively, is enlightened. It
is shown that the operations quantization and sorting play
an important role. Their consequences for the universal tool
Gram–Schmidt procedure and the connection to the LLL
algorithm with deep insertions [8] are explained.
II. G RAM –S CHMIDT O RTHOGONALIZATION
Assume we are operating on RN and let K (K ≤ N ) linearly
independent vectors h1 , h2 , . . . , hK be given.1 These vectors
span some K-dimensional subspace of RN , i.e., are a basis
for this subspace.
Given the hi ’s, the Gram–Schmidt (GS) orthogonalization
procedure2 result in new vectors q1 , q 2 , . . . , q K , such that
they are mutually orthogonal (qT
k q l = 0, k = l) and span the
same K-dimensional subspace, e.g. [4]. If desired, the new
2
basis may also be normalized, i.e., qT
k q k = ||q k || = 1, ∀k—
orthonormal vectors, Gram–Schmidt orthonormalization.
A possible implementation of Gram–Schmidt orthogonalization (steps for orthonormalization are shown in square
brackets) is given in Algorithm 1. For convenience, we
1 Notation:

matrices are denoted by bold uppercase letters, column vectors
by bold lower case letters. AT , aT : transpose of a matrix or a vector;√A−1 :
inverse of the square matrix; I: identity matrix; 0: null matrix; ||a|| = aTa:
Euclidean norm of the vector a. For brevity, the basic principles are described
for real-valued vectors. However, almost all statements are equally valid for
vectors from CN . In this case, transposition ·T has to be replaced by conjugate
transposition, i.e., hermitian operation ·H .
2 Named after the Danish mathematician Jørgen Pedersen Gram (1850–
1916) and the German mathematician Erhard Schmidt (1876–1959).

combine the vectors and scalars, respectively, in matrices as
follows



def 
(1)
H = hij = h1 . . . hK



def 
Q = qij = q 1 . . . q K
(2)



def 
R = rij = r 1 . . . r K .
(3)
The coefficients rij describe the basis change; the initial basis
vectors hk are given
kas a linear combination of the new vectors
q k , i.e., hk =
l=1 rlk q l . Due to construction, Q
 is an
T
T
T
orthogonal matrix (Q Q = diag q 1 q 1 , . . . , q K q K ) or an
orthonormal matrix (QT Q = I), and R is upper triangular.
Hence, we have
H = QR ,
(4)
i.e., the Gram–Schmidt process induces a QR decomposition
of the initial basis matrix H. Subsequently, we only consider
orthogonalization.
In linear algebra, usually the basis Q is of main interest and
the matrix R of less importance. Moreover, the order of the
vectors q i is often irrelevant, as a permutation of the vectors
does not change the spanned subspace.
Besides linear algebra, the Gram–Schmidt procedure also
plays an important role in digital communications. Given the
signal elements of a general digital modulation scheme, an
orthonormal basis spanning the signal space can be obtained
via the Gram–Schmidt orthogonalization, e.g. [14]. Using this
basis, modulator and, in particular, the optimum receiver can
be derived immediately.
Algorithm 1 Gram–Schmidt orthogonal-/orthonormalization.
[Q, R] = GramSchmidt(H)
1: Q = H, R = 0
2: k = 1
3: while k ≤ K {
rkk = 1
4:
5:
6:
7:
8:
9:
10:
11:

}

for i = k + 1, . . . , K {
T
rki = q T
k q i /(q k q k )
q i = q i − rki q k
}
k =k+1




T
 rkk = q k q k 
q k = q k /rkk


rki = q T
k qi



III. D ECISION -F EEDBACK E QUALIZATION
Next, we consider tranmission over a flat fading channel with
K transmit and N receive signals. The fading coefficients hij
from transmit antenna j to receive
 antenna i are collected in
the channel matrix H = hij . The column vectors hj of
H contain the transmission factors from transmit antenna j to
all receive antennas; they span the space, the receive signal
lies. Furthermore, additive (spatially white) Gaussian noise
(variance σn2 per component) is present. Denoting the vector
of data symbols by a, the classical input/output relation
y = Ha + n

(5)

holds.
The interference between the parallel data streams has to be
eliminated by means of equalization. Using linear equalization
(either optimized according to the zero-forcing (ZF) or the
minimum mean-squared error (MMSE) criterion) via3 r =
H R y a decision vector is generated, on which individual (per
component) threshold decision can be performed to recover
data.
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Fig. 1.

MIMO transmission systems using decision-feedback equalization.

Some gains over linear equalization can be achieved by
using decision-feedback equalization, also known as BLAST
or SIC, see Figure 1. Key ingredient for ZF DFE4 is the QR
decomposition of the channel matrix, such that (cf. (4))
H = QR ,

(6)

where Q is orthogonal and R is upper triangular with unit
main diagonal. The factorization can simply be obtained applying the Gram–Schmidt procedure. However, in the present
case, the upper triangular matrix R is of more interest.
Calculating via feedforward processing (feedforward matrix
def
F = (QT Q)−1 QT )
r =
=
=
=

Fy
(QT Q)−1 QT Ha + (QT Q)−1 QT n
(QT Q)−1 QT QRa + (QT Q)−1 QT n
Ra + ñ ,

(7)

we see that the effective transmission matrix is R, hence
has triangular form. Thereby spatially causality is achieved;
tranmission symbols with larger index disturb those with
smaller one but not the other way round. Due to the orthogonal
3H

is a (regularized) pseudo inverse of H.
that MMSE DFE can be obtained as for the ZF case when using
augmented matrices and vectors, cf. [5], [12].
R
4 Note

transformation, the new noise vector ñ is also Gaussian and
−1
.
white but with variances σñ2 k = σn2 (q T
k qk )
Due to causality, the data symbols can be detected in a
successive manner. Having decisions on symbols K, K −
1, . . . , k+2, k+1, their interference into data symbol k (given
by the factors rki ) can be eliminated, and the kth symbol
is decided. This procedure is repeated until all K transmit
symbols are known (detection in reverse natural order).
The signal-to-noise ratio in component k is proportional to
||q k ||2 . Hence, for best performance (most reliable decisions),
the norms of the vectors qk should be as large as possible.
However, since decisions are taken (quantization is a nonlinear operation) within the equalization procedure, the decision order influences performance. Since the receiver operates
on the entire receive vector it is not necessary to detect the data
symbols in (reverse) natural order but an optimized one can
be used. Defining a criteria of optimality—usually the symbol
to be detected next among the not yet detected one is that one
with the largest signal-to-noise ratio, cf. the BLAST ordering
[13]—among all possible K! detection orders the best one can
be identified.
The optimum detection order can be described by a (virtual)
relabeling of the transmit antennas, corresponding to a columnwise permutation of the channel matrix H. Instead of H, the
def
matrix C = HP , where P is a permutation matrix (a single
one in each row and column), is considered. Decisions are still
taken in the reverse natural order (K, K−1, . . . , 1); having all
estimates, via the permutation matrix P the original sequence
is re-established, cf. Figure 1.
Hence, we end up with a sorted QR decomposition of the
channel matrix according to
def

C = HP = QR .

(8)

In [13] an algorithm for finding the optimum permutation and
feedforward and feedback matrices for DFE has been given.
Later on, more efficient variants, e.g., [5], [1], have been
derived in literature.
Essentially, the sorted QR decomposition is nothing else
than a Gram–Schmidt procedure with pivoting. In [15] a simple
pivoting has been proposed which, however, shows some
loss compared to the BLAST algorithm. Basically, instead of
maximizing ||q k ||2 in sequence of detection (k = K, K −
1, . . . , 1), it is minimized for k = 1, 2, . . . , K.
In the above Algorithm 1, only few new lines have to
be additionally introduced, see Algorithm 2. Lines already
present in Algorithm 1 are printed in gray. Instead of a column
exchange, here an insertion of column i between columns k−1
and k (thereby columns k through i − 1 are shifted by one
position to the right) is used.
In summary, quantization of the involved signal induces
the need to look for a suited ordering for performing these
non-linear operations. In other words, as long as only linear
operations are carried out, sorting is of no importance; as
soon as non-linear operations are present, performance can
be improved by sorting.

Algorithm 2 GS with pivoting.
[Q, R, P , C] = GramSchmidtSort(H)
1: Q = H, R = 0, C = H, P = I
2: k = 1
3: while k ≤ K {
4:
i = argminj=k,...,K ||q j ||2
5:
if i = k {
6:
Insert(i, k)
7:
}
8:
rkk = 1
9:
for i = k + 1, . . . , K {
T
10:
rki = q T
k q i /(q k q k )
11:
q i = q i − rki q k
12:
}
13:
k =k+1
14: }
Insert(i, k)
1: in C, Q, R, and P : insert column i between columns
k − 1 and k; delete old column i

IV. L ATTICE -R EDUCTION -A IDED D ECISION -F EEDBACK
E QUALIZATION
A. Basic Operation
The idea of lattice-reduction-aided equalization [16], [11]
is to interpret the (noise-less) signal at the output of the
MIMO channel as points taken from the lattice spanned by
the columns hk of the channel matrix H. Choosing a “more
suited” representation of this lattice, a so-called reduced basis,
within the DFE loop not the data symbols itself but integer
linear combinations thereof are recovered. After having these
decisions, the change of basis is undone. In other words,
equalization is carried out with respect to the new basis, which
is desired to be close to orthogonal,5 hence less noise enhancement results. Meanwhile it has been proven that latticereduction-aided equalization achieves full diversity provided
by the MIMO channel [9].
Given the N × K channel matrix H, in the first step
lattice basis reduction—e.g., by using the LLL algorithm [6]—
is performed. For obtaining equalization optimized according
to the zero-forcing criterion,6 the factorization of the channel
matrix reads
H = H red T .
(9)
Thereby, T is an unimodular matrix (only integer coefficients
and | det(T )| = 1) and the columns of H red should be close
to orthogonal and should have small norms.
5A

quantitative measure is the so-called orthogonality
K defect. For a given
matrix H with columns hk it is defined as δ = k=1 ||hk ||/| det(H)|. It
is easy to see that δ ≥ 1, ∀H, and δ = 1, iff all columns of H are pairwise
orthogonal.
6 As above, optimization according to the minimum mean-squared error
criterion may be obtained by replacing the matrices H and Q by their
augmented versions.

In the second step, for performing LRA decision-feedback
equalization H red is further decomposed according to
H red P = QR ,

(10)

i.e., again a sorted QR decomposition has to be performed.
The transmission system employing LRA DFE is depicted
in Fig. 2. Feedforward and feedback matrices are thereby given
as above (for more details see [12]). Since via DFE only H red
is equalized, estimates of the actual data symbols are finally
generated using T −1 .
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Fig. 2.
MIMO transmission systems using lattice-basis-reduction-aided
decision-feedback equalization.

B. Combined Lattice Reduction and QR Decomposition
The obvious procedure for LRA DFE would be to perform
lattice reduction and QR decomposition of the reduced channel
matrix in sequence. However, it has been recognized, e.g.,
[10], [7], that parts of the complexity can be saved as there
are interactions between both steps.
def
Combining (9) and (10), and defining Z = T −1 P , which
is also unimodular, we arrive at
def

C = HZ = QR .

(11)

Hence, for performing LRA DFE a suited unimodular matrix
Z (replacing the permutation matrix P in conventional DFE)
has to be found such that C is a (sorted and) reduced basis.
At the same time, the QR decomposition of C has to be
calculated.
Fortunately, the famous lattice reduction algorithm proposed
by Lenstra, Lenstra, and Lovász (LLL) [6] relies on the QR
decomposition. The basic idea of the LLL algorithm is to
calculate Q and R and then to quantize the coefficients of R to
the set of integers. The inverse of this integer matrix—which is
upper triangular with unit main diagonal, hence unimodular—
is a candidate for the desired unimodular matrix Z. If R would
be integer, the reduced basis would be given by Q; an orthogonal basis would be present. Unfortunately,
this
 will
 usually
def 
be not the case and the columns of C = cij = c1 . . . cK
will only be approximately orthogonal.
Basically, the LLL can be obtained from the above Gram–
Schmidt procedure by incorporating a size reduction step.
This multiplication of all terms in (11) from the right by the
inverse of the quantized version of R is done successively.
Each time (step k) a new vector qk is processed not only
its projection—which is a real-valued multiple of qk —onto
the remaining vectors qk+1 , . . . , q K is subtracted, but also
an integer multiple, say r, of the already processed vectors
ci , i = k − 1, . . . , 1, is subtracted from ck (this operation

Algorithm 3 GS with pivoting and reduction.
[Q, R, Z, C] = GramSchmidtRed(H)
1: Q = H, R = 0, C = H, Z = I
2: k = 1
3: while k ≤ K {
4:
i = argminj=k,...,K ||q j ||2
5:
if i = k {
6:
Insert(i, k)
7:
}
8:
rkk = 1
9:
for i = k + 1, . . . , K {
T
10:
rki = q T
k q i /(q k q k )
11:
q i = q i − rki q k
12:
}
13:
for i = k − 1, k − 2, . . . , 1 {
14:
Red(k, i)
15:
}
16:
k =k+1
17: }
Insert(i, k)
1: in C, Q, R, and Z: insert column i between columns
k − 1 and k; delete old column i
Red(k, i)
1: r = rik
2: ck = ck − r · ci
3: r k = r k − r · r i
4: z k = z k − r · z i

is kept track in Z). Choosing7 r = rik , i.e., calculating
ck = ck − rik ci , the off-diagonal elements of the final
R have magnitude not exceeding 1/2. This is one of the
conditions for C being “LLL reduced”, cf. [6].
A first approach to combined Gram–Schmidt procedure and
lattice reduction is summarized in Algorithm 3. Again, the
lines printed in gray are already present in Algorithm 2.
C. LLL with Deep Insertions and Pivoting
The above algorithm achieves gains with respect to the orthogonality defect of C but as Q remains unchanged, no
performance gains in DFE are possible, cf. [10]. Hence there
is still room for improvement.
In the Gram–Schmidt procedure no quantization at all is
present. Performing (conventional) DFE, quantization of the
signals, outside the GS algorithm, takes place, leading to
the necessity of finding a suited permutation of the columns
of the channel matrix. The quantization results (decisions)
influence the decisions of the not yet detected symbols. Hence,
quantization acts in a causal manner and the greedy approach
of BLAST or sorted QR decomposition to find a suited sorting
is justified.
7 x:

quantization (rounding) to the nearest integer.

When additionally including size reduction, quantization
within the GS algorithm is done. Now, this operation not only
influences the not yet processed vectors but also has an effect
on the already calculated ones. In turn, for obtaining optimum
results, the need for revisiting prior processed vectors arises.
However, as in the case of sorting/pivoting a criterion for
optimality is required—here a criterion of when and how far
going back.
The LLL algorithm requires that |rik | ≤ 1/2, ∀i < k. This
reflects the degree of orthogonality of the vectors ck of the
reduced basis. Additionally,
3
||q
||2 ,
4 k−1

2
||q k−1 ||2 ≥
||q k ||2 + rk−1,k

1<k≤K
(12)
has to hold, which gives a criterion on the sorting of the
basis vectors with respect to their length. In the basic LLL
algorithm adjacent basis vectors are compared and if (12) is
not fulfilled they are swapped. Then, k is decremented, hence,
the algorithm goes back one step in the GS procedure.
In [8] Schnorr and Euchner proposed a different approach.
Instead of swapping adjacent vectors, the vector ck may be
inserted between vectors ci−1 and ci . When doing so, and
recalculating the Gram–Schmidt factorization, the new vector
at position i, say qi , is given by ck minus the projections of
the already known basis vectors qj , j = 1, . . . , i − 1. Hence,
as the projections rjk are already known, it calculates to
q i = ck −

i−1

rjk q j

(13)

j=1

and using ck =

k

j=1 rjk q j ,

with rkk = 1, we arrive at
k−1

= qk +

rjk q j .

(14)

j=i

Taking the pair-wise orthogonality of the vectors qk into
account, the squared length of the new vector qi is hence
given as [2]
||q i ||2 = ||ck ||2 −

i−1
2
rjk
||q j ||2

(15)

2
rjk
||q j ||2 .

(16)

j=1
k−1

= ||q k || +
2

j=i

If the length of the new vector qi is significantly smaller than
the length of the old vector qi , say,
3
||q ||2 ,
(17)
4 i
then it is reasonable to do the insertion and obtain a Gram–
Schmidt basis with shorter vectors and in turn a “more
reduced” basis of the lattice. After the insertion, k is reset
to i and the Gram–Schmidt procedure is restarted from this
point.
||q i ||2 ≤

Algorithm 4 LLL with deep insertions.
[Q, R, Z, C] = LLLdeep(H)
1: Q = H, R = 0, C = H, Z = I
2: k = 1
3: while k ≤ K {
4:
i = argminj=k,...,K ||q j ||2
5:
if i = k {
6:
Insert(i, k)
7:
}
8:
rkk = 1
9:
for i = k + 1, . . . , K {
T
10:
rki = q T
k q i /(q k q k )
11:
q i = q i − rki q k
12:
}
13:
for i = k − 1, k − 2, . . . , 1 {
14:
Red(k, i)
15:
}
i−1 2
16:
find i such that ||ck ||2 − j=1 rjk
||q j ||2 ≤ 34 ||q i ||2
17:
if i = k {
18:
Insert(k, i)
19:
recalculate q i , . . . , q K and rij , j = i, . . . , K
20:
k=i
21:
}
22:
k =k+1
23: }
Insert(i, k)
1: in C, Q, R, and Z: insert column i between columns
k − 1 and k; delete old column i
Red(k, i)
1: r = rik
2: ck = ck − r · ci
3: r k = r k − r · r i
4: z k = z k − r · z i

Due to (15), the test can be done successively: starting with
L1 = ||ck ||2 it is tested against ||q1 ||2 . At each step Li+1 =
2
||q i ||2 is calculated and tested against ||qi+1 ||2 , i =
Li − rik
1, . . . , k − 2. It should be noted that from (16) and (17) it can
be seen that for comparing adjacent vectors the same condition
(12) as in the basic LLL results.
A possible implementation of the LLL algorithm with
deep insertions—described as an extended Gram–Schmidt
procedure—is summarized in Algorithm 4. As above, the lines
printed in gray are already present in Algorithm 3. The main
ingredients are i) pivoting (insert vector to be processed next at
the current position), ii) size reduction, and iii) back insertion
(insert current vector at position within the already processed
ones).
It should be noted, that the LLL with deep insertions (e.g.,
[2]) is usually described without the pivoting (initial sorting)
step. However, introducing this operation, at no additional cost

(assuming that it is kept track of the length of the vectors qk
anyway) a significant reduction in complexity (e.g., how many
times the while loop is carried out) is possible.
V. C ONCLUSIONS
To summarize, in this paper, the connection of the sorted
Gram–Schmidt procedure and its use in decision-feedback
equalization schemes on the one side and the LLL algorithm
and its use in lattice-reduction-aided equalization schemes on
the other side has been studied. It has been shown that the
LLL with pivoting and deep insertions is a logical development
staring from the basic Gram–Schmidt procedure.
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